Within the Fock-space multi-reference coupled cluster framework, we have evaluated the electronic transition dipole moments, which determine absorption intensities. These depend on matrix elements between two different wave functions (e.g. ground state to the excited state). We present two different ways, to calculate these transition moments. In the first method, we construct the ground and excited state wave functions with the normal exponential ansatz of Fock-space coupled cluster method and then calculate the relevant off-diagonal matrix elements.
INTRODUCTION
Transition dipole moments (TDM) are of great general interest as they determine the transition rates and probability of photon or electric field induced atomic and molecular state changes. It is a good test for assessing the validity and accuracy of ab-initio calculations. A calculation of transition dipole moment can be helpful in understanding the energy transfer rates; provide a basis for calculating extinction coefficients and fluorescence lifetimes etc. 1, 2 The electronic transition dipole moment (ETDM) is an important prerequisite for understanding optical spectra. The probabilities per unit time for absorption induced emissions and spontaneous emissions (as derived from the first order, time-dependent perturbation theory in the dipole length approximation) are proportional to the square of the TDM between the two chosen states of interest. 3 For any transition from a state 'p' to state 'q', the TDM in the dipole length form is expressed as -
In order to understand and characterize radiative processes, we have to relate it to experimental observables (such as oscillator strength). The oscillator strength in the dipole length approximation is given by, Given the importance of transition moments, computing them and relating them to experimental observables is not very straightforward. This is due to the sensitivity of pq d towards the quality of the wave function. 5 As stated previously, the calculation of TDM represents a different test altogether for any ab-initio method as there can be considerable redistribution of charge in a molecular situation without substantial change in the energy. Hence, calculation of TDM demands an accurate description of the wave function.
In the last few decades, coupled cluster (CC) theory 6 has proven to be quite successful in describing ground-state electronic structure of molecules. Compared to other ab-initio methods, single-reference CC theory can accurately treat the dynamical correlation of electrons in 3 molecular systems. Excitation energies can be calculated using either single-reference (SR) [7] [8] [9] [10] [11] [12] [13] or multi-reference (MR) CC [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] techniques. Within the class of SR methods, excitation energies can be computed using linear response, 7-10 equation-of-motion (EOM) methods 11, 12 or the symmetry adapted cluster configuration interaction (SACCI) 13 formalism. Among the class of MRCC methods, excitation energies can be obtained from the Fock-space effective Hamiltonian 14-21 based approach.
The MRCC methods are subdivided into a multi-root effective Hamiltonian [24] [25] [26] approach and a state-specific [27] [28] [29] approach. This class of multi-root effective Hamiltonian method is further subdivided into a Hilbert space (HS) CC [22] [23] method and a valence-universal one, also known as Fock-space (FS) CC [14] [15] [16] [17] [18] [19] [20] [21] method. The HSCC method is better suited for potential energy calculations while FSMRCC variant has been proven suitable in cases; where ionization, electron attachment and electron excitation in molecules occur. Thus, in order to calculate properties related to excited states, FSMRCC is the preferred method of choice.
Calculation of excitation energies and electronic transition moments in multiconfiguration linear response (MCLR) was done by Olsen et al. 30 Within the EOMCC formalism, Stanton and Bartlett 31 presented an idea to calculate the transition probabilities via a systematic bi-orthogonal approach. Size intensive transition moments from the coupled cluster singles and doubles linear response (CCSDLR) function was formulated by Jørgensen and coworkers. 32 A detailed description to calculate expectation values and transition elements by coupled cluster theory in general, was presented by Prasad. 33 Integral-direct frequency dependent polarizabilities and transition probabilities in the CC framework were implemented by
Christiansen et al. 34 In the CC2 model, transition moments were computed using the resolutionof-the-identity approximation by Hättig and Köhn. 35 Later on Köhn and Pabst 36 implemented transition moments between excited states using the RI-CC2 approximation. In an early work by Stolarczyk and Monkhorst, 37 derivation of expectation value and transition moment was formulated within the generalized CC framework. The main idea was to define a new operator Ŵ and calculate the matrix elements of that operator. For an arbitrary n-particle operator-V , the transition moment was expressed as Ŷ X Y X VV    for XY  . In order to calculate the transition moment, one had to know the operator-1ˆˆŴ V    . 4 Barysz et al 38, 39 implemented the above mentioned scheme of Stolarczyk and Monkhorst in the FSCC framework to obtain the electronic transition moments and oscillator strength of certain molecules. They used the CCSD approximation and truncated the Ŵ operator at the quadratic level. In the present paper, we compute the electronic transition moment of the dipole operator between the ground and a few excited states of some molecules in two different ways.
We start by the initial formula of transition moment where the n-particle operator-V , is chosen as the one-particle dipole moment operator. Instead of redefining another operator-Ŵ , we calculate the expectation value of the dipole moment operator between the ground and the excited state wave functions. Hence, only T (0,0) amplitudes are sufficient to describe the ground state. The excited state is generated from the Fock-space. In the other method, we take recourse to the constrained variation approach, where the matrix element is computed using a biorthogonal approach. This involves solving an extra set of de-excitation -amplitudes to describe the ground state and all other higher sector -amplitudes to describe the excited state.
The details of the theory are given later. The entire implementation is done in the CCSD approximation.
It is our purpose here to treat the electronic transition dipole moments, dipole strengths and oscillator strengths for a few allowed transitions amongst the various excited states of CH + , BH, H 2 O and H 2 CO. The details of the theory are stated in section II. Implementation and computational aspects follow in section III. Results and discussions are given in section IV.
Concluding remarks are noted in the final section V.
II. THEORY

A. Excitation energy in FSMRCC
The Fock-space method in the CC framework is well described and accounted for evaluation of excitation energies. 17, 18 A brief review is presented here followed by the description of the transition moments within the same.
The basic assumption in the FSCC method is that of a common vacuum. 
In the above equation - is the universal wave operator. The universal wave operator will be generating states by its action on the reference wave function.  has the specific form
where the parenthesis denote normal ordering. The 'T' is known as the cluster operator and is expressed as - 
On substituting the above equation with equations 3 and 4 gives,
The states generated by the action of the universal wave operator on the reference space are such that they satisfy the Bloch equations. An effective Hamiltonian is defined through the Bloch equations, which is given by
where (1, 1) P is the Projection operator for the model space, defined as :
The complimentary space (1, 1) Q is defined in the following manner to obtain singlet excitation energy, we need to solve both singlet and triplet effective
Hamiltonian. The energy of a particular th  singlet state is given by,
where, C  and C
are the left and right eigen vectors of the effective Hamiltonian.
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B. Formulation of transition dipole moment
A general formalism to calculate transition dipole moments within the generalized coupled cluster framework has been given Stolarczyk and Monkhorst. 37 We follow the same general formalism and extend it in the FSMRCC formalism.
For any Hermitian operator-Ô ; representing a certain perturbation to the system under consideration, the perturbed Hamiltonian is given by -
and the quantity
is the expectation value of the operator Ô , in the state The excited state wave function is given by,
Where, to be the one-electron dipole moment operator; then the transition dipole moment for the ground to an excited state will be given by the following matrix element,
for a particular th  state. There is a drawback of this expectation value formulation. The above equation leads to a non-terminating series. For the practical application of evaluating transition dipole moments, we have truncated it at the cubic level, under the CCSD approximation. In order to give the expression a natural truncation, we invoke the bi-orthogonal approach put forward by Jorgensen and co-workers. 42 Using an extra set of de-excitation amplitudes the energy functional is written as: To calculate the first order property, we replace the Hamiltonian in the above expression with its explicit first derivative and solve the above set of equations. It is worthwhile to point out, that we can arrive at the above set of equations by linearizing the left vector of the extended coupled cluster (ECC) [43] [44] functional also. The formalism developed by Jorgensen and co-workers is 9 known as the constrained variational approach (CVA). The CVA includes the z-vector 45 method as a zeroth order result.
The excited state wave function ex  is represented in the above described constrained variation approach as:
where,
The Λ-amplitudes are decoupled in a manner opposite to that of the T-amplitudes. Hence, the Λ (1, 1) amplitudes are solved first, followed by the Λ (0,1)
, Λ (1, 0) and finally the Λ (0,0) amplitudes.
The details of this constrained variation approach is given in reference 41 and references therein.
The electronic transition dipole moment can now be evaluated from the following expression-
Where Ô is the one-electron dipole moment operator. It may be pertinent to mention that, although one body (1, 1) T ( i.e.
(1,1) 1 T ) operator is formally there in the excited state description, it has not been incorporated in the dipole moment matrix elements (19 or 23) . This ETDM is not an experimental observable. It is the square of this moment that is related to oscillator strength. So, we calculate the dipole strength which is the square of the transition moment, Dipole strength = 2 pq d (24) And finally relate it to the oscillator strength which is given by, 2 
3
pq pq f E d  (25) where all quantities are in atomic units. The excitation energy, E  is calculated from the previously described FSMRCC method. package. In order to test the size-intensivity, we have studied the variation of transition moments from the FSCC-T and FSCC- approaches for the water monomer, water dimer and water trimer at non-interacting distance. This is discussed in section IV-C and presented in Table IV .
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III. COMPUTATIONAL ASPECTS
IV. RESULTS AND DISCUSSIONS
A. CH + Molecule
The energy close to 3.2 eV is dominated by single hole-particle excited determinants within a set of active orbitals-3σ and 1п. We report transition moment for this particular transition and some other excited states dominated by the single hole-particle excitation.
In the present calculation, the inter-nuclear distance was taken to be 2.13713a.u. The calculations were performed with the basis set as given in the reference 30. We chose this particular basis because full configurational-interaction (FCI) and other theoretical results were available for this basis. A split valence basis, augmented with two diffuse s and p functions and one d polarization function was used for the carbon atom. The hydrogen atom was augmented with one diffuse 's' function and one 'p' polarization function. Table I presents On comparing the reported values in Table I 
B. BH Molecule
In general, boron hydrides are a fundamentally important group of compounds for synthetic and theoretical chemical studies. The smallest but stable boron hydride is B 2 H 6 . It is a well studied compound. However, some of the intermediate species are not well studied due to their high reactivity. One of these intermediates is BH. This particular boron hydride is one of the simplest molecules that can easily be studied under ab-initio theories.
In the present calculation, we treat the BH molecule at the equilibrium distance of 2.3289 atomic units. The BH molecule is iso-electronic with the CH + molecule. The ground state of BH is of A 1 Σ + symmetry, while the first excited state is of X 1 Π symmetry. It is a six electron system and its electronic configuration is given by 1σ 2 2σ 2 3σ 2 , which is chosen to be the vacuum. The single reference ground state wave function is generated by the action of the cluster operator on this reference space. We chose our model space such that, 3σ is the active hole. 7 active particles were chosen which include three σ symmetric orbitals and two п type orbitals. Hence, the total model space span four σ symmetric and two п symmetric orbitals (1 active hole and 7 active particles). We have reported the excitation energies, transition moments as well as the oscillator strength of BH molecule at the aforesaid geometry in three different basis sets for a few lowlying excited states. We report ETDM values in cc-pVDZ, augmented cc-pVDZ and augmented cc-pVTZ basis sets.
Table II(a) show the comparison of our method with EOMCC results in cc-pVDZ basis.
In this basis, the electronic transition dipole moment and hence the oscillator strength value 13 agrees well with the EOMCC method for all the reported excitations (as mentioned in Table IIa) .
The difference in transition moments is slightly pronounced for the 3σ to 4σ transition as compared to the other two transitions. The excitation energy is also seen to differ more for this particular transition. The combined effect of this is seen in the oscillator strength value, which differs from the EOMCC value by about 0.04 atomic units. The excitation energies for the two other transitions agree with the EOMCC method. Hence, the oscillator strength as obtained from FSCC-T is comparable to that obtained from EOMCC.
On introducing augmentation, the transition energies are seen to decrease. In the augmented basis sets, we have reported transitions from the 3σ to 1п, 4σ and 2п states respectively. In the aug-cc-pVDZ basis (refer Table II 
C. H 2 O Molecule
Various calculations on the water molecule were performed at the ground state equilibrium geometry. A detailed comparison of the method developed by us and other theoretical methods available is presented for the water molecule. On increasing the valence triple zeta to valence quadruple zeta, the excitation energies of all the reported excitations decreases. This trend is seen for both the FSMRCC and EOMCC methods. The transition dipole moment also shows a lowering of its value. This general trend among the transitions is not shown by the transition represented by state-3. In this particular state, the transition dipole moment is seen to increase on increase in valence zeta basis. Even though the excitation energy for this particular transition shows a lowering of value, the oscillator strength, being a product of dipole strength and transition energy, show an increment.
The experimental oscillator strength value of 0.041a.u. 49 is reported for the specific transition as reported in state-1. The convergence toward experimental value is seen on moving from the triple zeta to the quadruple zeta basis.
We have also calculated transition moments and oscillator strengths in augmented ccpVTZ basis. In case of water, all of the excited states have a fair degree of Rydberg character and hence introduction of diffuse functions in the basis set lowers the excitation energy of the 1b 2 to 15 4a 1 state. In this particular basis, we chose 2 active holes and 6 active particles as our model space. In Table III (c), we present transition moments for four excited states of water in this basis.
A comparison is made with EOMCC wherever applicable. We compare the transition dipole moment values for FSCC-T and FSCC-Λ methods. The FSCC-T and FSCC- transition moment values differ amongst themselves by 0.09a.u. to 0.001a.u. Since, the excited states described by the augmented basis is different from those described by the previous basis sets, no concrete conclusion can be drawn from the other low lying excited states other than the one described in state-1 (which is the homo-lumo transition). The qualitative trend of lowering of excitation energy is noteworthy for this HOMO-LUMO transition. Though the excitation energy decreases, the transition dipole moment show considerable increment and hence affects (increases) the oscillator strength for this particular state.
We have tested both FSCC-T and FSCC- formulations, to check whether the transition dipole moments are size-intensive or size-extensive. We have calculated the transition dipoles for water monomer, dimer and trimer at non-interacting distances in FSCC-T and FSCC- formulations. The water molecules are treated at the equilibrium ground state geometry in ccpVZD basis. The results are presented in Table IV . We find that the transition moments are sizeintensive in both the FSCC methods as the transition dipole remains constant with increase in water monomer unit.
D. H 2 CO Molecule
As a final check for the developed FSCC-T and FSCC- methods, we chose the formaldehyde molecule. Table V For formaldehyde, the ground state restricted Hartree-Fock determinant is chosen as the vacuum which is given by, 
V. CONCLUDING REMARKS
In this article, we have described two ways to evaluate electronic transition dipole moments within the Fock-space multi-reference coupled cluster framework. We report transition energies, transition moments and oscillator strengths for CH + , BH, H 2 O and H 2 CO molecules.
We observe that both FSCC-T and FSCC- provide transition dipole moments that are in close proximity of each other. Also, both these methods agree well with EOMCC transition moments.
We also conclude that the transition moments formulated in this Fock-space formalism,
FSCC-T and FSCC-
 are both size-intensive. This is in contrast to EOMCC, where the left transition moment is not size-intensive, while the right transition moment is size-intensive.
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